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Abstract 

Let K denote a locally compact commutative hypergroup, {K) the hypergroup alge- 
bra, and a a real-valued hermitian character of K. We show that K is a-amenable if and 
only ifLi(^) is a-left amenable. We also consider the a-amenability of hypergroup joins 
and polynomial hypergroups in several variables as well as a single variable. 
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Introduction. Let K denote a locally compact commutative hypergroup, (K) the hypergroup 
algebra, and a a hermitian character of K. It is shown in [7] that K is a-amenable if and only if 
either K satisfies the modified Reiter's condition of Pi -type in a or the maximal ideal in (K) 
generated by a has a bounded approximate identity. For instance, K is always (1—) amenable, 
and if K is compact or O (K) is amenable, then K is a-amenable in every character a. It is 
worth noting, however, that there do exist hypergroups which are not a (7^ 1) -amenable; e.g. 
see [7, 15]. So, the amenability of a hypergroup in a character a cannot in general imply its 
amenability in other characters even if a is integrable, as illustrated in Section 2. In fact, this 
kind of amenability of hypergroups depends heavily on the asymptotic behavior of characters 
as well as Haar measures, as demonstrated in this paper and [2, 3, 7]. 

The paper is devoted to the character amenability of hypergroups. Sections 1 and 2 contain 
our main results. First we show that if the character a is real- valued, then K is a-amenable 
if and only if (K) is a-left amenable; see Theorem 1.1. We then (Theorem 1 .3) consider 
the a-amenability of hypergroup joins. Section 2 is restricted to the polynomial hypergroups. 
Theorem 2.1 provides a necessary condition for the a-amenability of hypergroups; and, sub- 
sequently we use this result to examine the a-amenability of various polynomial hypergroups. 
In fact, we show that the majority of common examples of polynomial hypergroups are only 
1 -amenable, and Example (VI) illustrates just how complicated hypergroups can be. 
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Parts of this paper are taken from author's dissertation at Technische Universitat Miinchen. 
Preliminaries. Let {K,p, ~) denote a locally compact commutative hypergroup with Jewett's 
axioms [10], where p : K x K ^ M^{K), {x,y) i-^ p{x,y), and r^: K K, x ^-^ x, specify the 
convolution and involution on K and p{x,y) = p{y,x) for every x,y e K. Here M^{K) denotes 
the set of all probability measures on K. 

Let us first recall required notions here, which are mainly from [4, 10]. Let Cc{K), Co{K), and 
C''{K) be the spaces of all continuous functions, those which have compact support, vanishing 
at infinity, and bounded on K, respectively. Both C^{K) and Co{K) will be topologized by the 
uniform norm || ■ \\oo, and by Riesz's theorem Co{K)* = M{K), the space of all complex regular 
Radon measures on K. The translation of / e Q(^) at the point x & K, Txf, is defined by 
Txf{y) = lKf{t)dp{x,y){t), for every yeK. 

Let m denote the unique Haar measure of K [16] and {LP{K), \\ ■ \\p) {p > 1) the usual Banach 
space. If;? = 1, {L\K),\\ ■ II i) is a Banach *-algebra where the convolution and involution of 
f,geL^{K) aie giwenhy f*g{x) = Jf.f{y)Tyg{x)dm{y) (m-a.e.) andf*{x)=f{x) respectively. 
If K is discrete, thenL^ (K) has an identity element; otherwise (K) has a bounded approximate 
identity (b. a. i.), i.e. there exists a net {ei}i of functions in (K) with \\ei\\i <M,M >0, such 
that 11/ * £(• — /II 1 ^ as / ^ oo. 

ThedualofLi(/s:) can be identified with the usual Banach space L°°{K), and its structure space 
is homeomorphic to the character space of K, i.e. 

X\k) := |a e c\k) : a{e) = 1, p{x,y){a) = a{x)a{y), Wx,y e 

equipped with the compact-open topology. ^^{K) is a locally compact Hausdorff space. Let 
K denote the set of all hermitian characters a in M'^{K), i.e. a{x) — a{x) for every xeK, with 
a Plancherel measure 7t. In contrast to the case of groups, K might not have the dual hypergroup 
structure and might properly contain y = supp 7t. 

The Fourier-Stieltjes transform of jU e M{K), ju e C^{K), is given by /i(a) := Jg^a{x)dfJ,{x). 
Its restriction to (K) is called the Fourier transform. We have / e C(){K), for f [K), and 
I{a) := {/ e {K) : f{a) = 0} is the maximal ideal in (K) generated by a [5]. 
K is called a-amenable (a e K) if there exists ma e L°°{K)* such that (i) ma{oc) = 1 and (ii) 
ma{Txf) = Oc{x)ma{f) for every / e L°°{K) and x e ^. ^ is called amenable if the latter holds 
for a = 1. 

For the sake of completeness, we recall the modified Reiter's condition of Pi -type in a e ^ 
from [7] which is required in Theorem 1.2. By this condition we shall mean for every e > and 
every compact subset C of ^ there exists g (K) with ||^|| i < M (M > 0) such that g{a) — I 
and 1 1 Txg — a (jc)g 1 1 1 < e for all ;c e C. The condition is simply called Reiter's condition if a = 1 
[15]. 
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1 a-Left Amenability of (K) 



Let X be a Banach L (^)-bimodule and a E K. Then, in a canonical way, the dual space X* 
is a Banach (^)-bimodule. The module X is called a a-left (^)-module if the left module 
multiplication is given by f -x = f{(x)x, for every f E (K) and x EX. In this case, X* turns 
out to be a a-right (i^)-bimodule as well, i.e. (p- f = f{a)(p, for every fEL\K) and (p EX*. 
A continuous linear map D:L^{K)^X* is called a derivation if D{f* g) ^ D{f) ■ g + f ■ D{g) , 
for every f,gEL} (K), and an inner derivation if D{f) — f ■ (p — (p ■ f, for some (p E X*. The 
algebra (K) is called a-left amenable if for every a-left (^)-module X, every continuous 
derivation D : L^{K) — > X* is inner; and, if the latter holds for every Banach L^(^)-bimodule 
X, then (K) is called amenable. 

As shown in [7], K is a-amenable if and only if either /(a) has a b.a.i. or K satisfies the modified 
Reiter's condition of Pi -type in a. In the following theorem we explore the connection between 
the a-amenability of K and a-left amenability of (K). 

Theorem 1.1. Let be a hypergroup and a E K, real-valued. Then K is oc-amenable if and 
only if (K) is oc-left amenable. 

Proof. Assume K to be a-amenable, choose X to be an arbitrary a-left L^(^) -module, and 
suppose that D : (K) — > X* is a continuous derivation. For fixed xeX define £ (K)* by 
^xif) = D{f) (x) for / e Li {K). Then for every f.gEL^ (K) 

^x{f*g)^Dif* g) (x) = if -Dig)) (x) + {D{f) ■ g) (x) 
= D{g){x-f)+g{a)D{f){x) 

= ^x.f{8)+8{oc)Mf). (1) 

Moreover, ^x+y = ^x + ^y, = ^^x, and ||4>x|| < ||Dc(|| ||jc|| forjc,j EX and A E C. 
We identify 4) e (K)* with 77 E U°{K) by the relation 

^{g)-^ I g{t)r]{t)dm{t) 

JK 

for g E L^{K). Denote by r\x and r\x.f the elements of L°°{K) corresponding to 4>x and ^x f^, 
respectively. Thus, r\xJ^y = r\x + %> "^Xx = ■^^x. and || %||oo < \\Da\\ \\x\\ for x.,y E X and A e C. 
Now (1) can be rewritten as 

/ f*g{t)rix{t)dm{t)= [ g{t)rix.f{i)dm{t)+g{a) [ f{t)rix{i)dm{t) (2) 

JK JK JK 
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Applying Fubini's theorem and [4, Thm. 1.3.21] yield 

jj*g{t)nx{t)dm{t) = ljj{y)Tyg{t)dm{y)\ r]xit)dm{t) 



= (^J^8{t)Tyr],{i)dm{t)j f{y)dm{y) 
= (j^f{y)Tyn,(t)dm{y)\ g{t)dm{t) 



and 



j^g{t)nx-f{t)dm{t) =J^ \^J^f{y)Tyr]^{i)dm{y)jg{t)dm{t) 

-J^g{t) U{t) jj{y)n,{y)dm{y) \ dm{t). (3) 



Now, by assumption there exists ma G U"{K)* such that ma{cc) — 1 and ma{Tyr\) — a{y)ma{r\) 
for every 7] e L°°{K) and y^K. Let 

(p{x):=ma{r]x), xeX. 

Then ^>{x + y) = (p{x) + (p{y), (p{Xx) = ?i(p{x) and \ f{x)\ < ||ma|| ||Da|| ||jc||. Hence f e X*, 
and for f e (K) and jc e X it follows that 

f.(p{x) = (p{x-f)=mairix-f)- 

By Goldstein's theorem [6], the functional ma is the w* -limit of a net of functions g e L^{K), 
therefore from (3) we obtain that 



K 



ma{r]x-f) = lJ{y)ma{Tynx)dm{y)-ma{a)^x{f), 

and hence 



^x{f)=f{a)ma{nx)-ma{nx-f) for f E L\K),x E X. 

That means D{f){x) = (p ■ f{x) — f ■ (p{x), thence D is an inner derivation, and this gives the 
a-left amenability of (K). 



To prove the converse of the theorem we follow the method in [5, p.239]. Assume L'^{K) to 
be a-left amenable and consider a-left (^) -module L°°{K) with the module multiplications 
f ■<p = f{a)<p and 9 • / = / * 9, for every / e {K) and <p e L°°{K). Since a ■ f = f* a = 
f{a)a, Ca is a closed Li(/s:)-submodule of L°°{K). Hence, L°°{K) = X ® Ca where X is 
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also a closed O (A:)-submodule of U"{K). Choose v E L'"{Ky such that v(a) = 1, and define 
d:L\K)^L-{Kr,d{f)=f-v-v-f,forfeL\K). Then 

5(/)(a)=/-v(a)-v-/(a) 
= v(a-/)-v(/-a) 

= v(/*a)-/(a)v(a) 

= /(a)v(a)-/(a)v(a) =0, for every /eL^ (is:). 

That means d{f) G (Ca)^ C L^iK)*. Let P : L^{K) X denote the projection onto X and 
P* : X* — > U°{K)* the adjoint operator. P* is an injective L^(^)-bimodule homomorphism; it 
follows that (Ca)^ = (KerP)^ = {P*{X*)^)^ = P*{X*). Hence, for each / e L^K) there 
exists D{f) e X* such that P*D{f) = Since 5 is a continuous derivation on L^{K), the 
map D : (K) — > Z* is a continuous derivation as well. By assumption D is inner, that is, there 
exists Xj/eX* such that D{f) = f ■ Xj/ - Xj/ ■ f for all f e L^K). Define ma := V - P* V^. Then 
ma{oc) = v(a) -P*v^(a) = 1 - \i/{Pa) = 1 and 

f-{P*Y){(p) = P*ilf{cp-f) = Y{P{(p-f))=f-Y{P(p)=P*{f-iif){(p) {(peX). 

Similarly (P» ■ f{(p) ^ P*{\i/- f){(p), thus 

/.P>-P>./ = P*(/.VA-VA./) 

= P*Z)/=5(/)=/.v-v-/. 

Hence, / -ma = /• V- f-P*y = v ■ f -P*\\f ■ f = ma- f. This means 

ma{(p*f)^ma{(p-f)^f-ma{(p)=ma-f{(p)=ma{f-(p)--f{a)ma{(p), 
and hence 

ma{Tx(p)=ma{dx*(p) = a{x)ma{(p) = a{x)ma{(p), 
for every ^ e L°°{K) and x e A', giving the a-amenability of ^. 

□ 

The previous theorem combined with [7] yield Johnson-Reiter's condition for hypergroups, in 
the a-setting, which reads as follows. 

Theorem 1.2. Let ^ be a hypergroup and a E K, real-valued. Then the following statements 
are equivalent: 

(i) K is a-amenable. 
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(ii) U (K) is a-left amenable. 

(iii) /(a) has a b.a.i. 

(iv) K satisfies the modified Pi -condition in a. 

Corollary 1.2.1. If K is a-amenable, then every functional D : (K) C such that D{f*g) = 
f{a)D{g)+g{a)D{f),f,g e L} (K), is zero (see [2, 5.2]). The converse, however, is in general 
not true; see Example (11) or [2, 5.5]. The functional D is called a a-derivation. 

Remark 1.2.1. (i) If a e L\K) n (K) , then 

ma{f) := ^ / f{x)^dm{x), f E V^{K), 

\\(X.\\2 JK 

is a a -mean on L°°{K). For example, if ^ is a hypergroup of compact type [8], the 
functional ma is an a-mean on L°°{K) for every a eK\{\}; this holds also for a = 1 if 
K is compact. We note that the a-means ma, given as above, are unique [3]. 

(ii) Observe that K might contain some positive characters a ^ 1 in which case K is a- 
amenable; see Example (VI). 

Our next topic is about the a-amenability of hypergroup joins, and Theorem 1 .3 generalizes [15, 
3.12 ] to the a-setting. For the sake of convenience, we first recall the definition of hypergroup 
joins and some known facts about their dual spaces. Let {H, *) be a compact hypergroup with a 
normalized Haar measure mu, (■/,■) ^ discrete hypergroup with a Haar measure m j, and suppose 
that HnJ = {e}, where e is the identity of both hypergroups. The hypergroup joins {H V /, 0) 
is the set // U / with the unique topology for which H and J are closed subspace of, where the 
convolution is defined as follows: 

1 . ExQEy agrees with that on H if x,y E H, 

2. £xQey = ex- £y if x,y eJ,x^y, 

3. ex&ey = ey = eyQexifxeH,y eJ\{e}, and 

4. if J e y and y ^ e, 

Cy % = Cgmn + 52 '^^^^ 

weJ\{e} 

where Sy-Sy — Y^weJ'^w^w, Cw > 0. only finitely many are nonzero, and Y.weJ'^w^w — 1- 
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If mj{{e}) = 1, then rriK '■= mn + 1 j\{e}fnj is a Haar measure for K. Observe that K/ /H = J 
and H is a subhypergroup of K = Hy J but that J is not unless either // or 7 is trivial [22]. 
As proved in [4, p. 119], K — H UJ, where H DJ = {I}. The latter holds in the sense of 
hypergroup isomorphism, K = HM J, if H and J are strong hypergroups. In this case ^ is a 
strong hypergroup as well. 

Theorem 1.3. Let K be as above, |/| > 2, and a eJ. Then / is a-amenable if and only if K is 
a-amenable. Moreover, if H and / are strong hypergroups, then H is j8 -amenable if and only if 
K is j8 -amenable (j8 e H). 

Proof. Letx e J*:=J\ {e}. By [15, 3.15] for / e U°{K), we have 

T,f = Uf\j*) + UlH) [ f{t)dmH{t). (4) 

Jh 

Now, take ct e 7 and assume J to be a-amenable. Then there exists ma '■ £°°{J) — > C such that 
'Wa(oc) = 1 and ma{Txf) = (x{x)ma{f), for all / e £°°(y) and x E J. The character a can be 
extended to K by letting fix) := 1 for all x eH. Define 

My : L-{K) ^ C, Myif) := ma{f\j*), f e L-{K). 

We have My(7) = maiY\j*) = ma{ci) = 1, and (4) implies that 

My{TJ)=Mj{Uf\j*))+Mj{UlH)) [ f{t)dmH{t) 

J H 

= maiUfU*)) = aix)maif\j*) = y{x)My{f), for all / e V°{K),x e J*. (5) 

Since Y\fj = 1 and {Txf)\j* — f\j* for x e H, the equality (5) is valid for all x e K. Therefore, 
K is 7-amenable. 

To prove the converse, let 7 e ^ and assume K to be 7-amenable. If 7|// = 1, then hy K = HUJ 
we have ye J. Define 

my:r{J)^C, my{f):=My{f), feL-{K), 

where My is a 7-mean on L°°{K). Obviously my (7) = 1, and 

my{TJ)^My(TJ) ^My{Uf\j*)) = r{x)My{f) = r{x)my{f) , 

for all / e £°°{J) and x E J*.lf y{x) ^ 1 for some x E H, then 7 is a nontrivial character of H 
and K = H[JJ implies that y\j= 1- Since J is commutative, 7 must be amenable [15], and the 
amenability of in 7 follows from Remark 1.2.1. 

The proof of the second part can be obtained from the first part and the fact that K = Hy J if H 
and 7 are strong hypergroups. 

□ 
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2 a -Amenability of polynomial hypergroups 



In this section we restrict our discussion to the polynomial hypergroups. First we consider poly- 
nomial hypergroups in several variables which have been already studied by several authors (e.g. 
see [12, 24]). The translation operators of these hypergroups seem to be complicated, and the 
study of their character amenability via the modified Reiter's condition, in contrast to the one 
variable case [7], may require sophisticated calculations. In Theorem 2.1, however, we provide 
a necessary condition to the a-amenability of these hypergroups. Hence we point out that the 
majority of common examples of polynomial hypergroups do not satisfy this condition. 

Let {/n}ne be a set of orthogonal polynomials on C*' with respect to a measure 7t eM^ (C^) 
such that Pn(w) = 1 for some u e C^, where := Nq with the discrete topology, m, J e N, 
and No := NU {0}. Assume denotes the set of all polynomials P' e C[zi,Z2,---Zd\ with 
degree less or equal than n and J^n := {n e =^ : Pn e ^n}- Suppose that for every n e N the set 
{Pn : n e J^Tn} is a basis of =^„, and for every n,m e =^ the product Pa ■ Pm admits the unique 
non-negative linearization formula, i.e. 

^n-^m:= 1^ ^(n,m,t)i't (6) 

where ^(n, m, t) > 0. Assume further that there exists a homeomorphism n ^ n on such that 
= for every n G In this case ^ with the convolution of two point measures defined by 
£n*£m(£t) '■ = m)(et) :=5(n, m, t) is ahypergroup which is called a polynomial hypergroup 
in d variables. The hypergroup Jf^ is obviously commutative and the identity element e is the 
constant polynomial Pq = I. The character space can be identified with the set {x G C^' : 
|«x(n) I < 1, ax(fi) = «x(n) Vn G J^}, where ax(n) := Pn(x) for x G and n G J^. For more 
on polynomial hypergroups in several variables we refer the reader to e.g. [4, 12, 24]. 

Theorem 2.1. Let {Pn{^)}neje' define a polynomial hypergroup in d variables on := Nq 
and OCx G ^ with 7t{{0Cx}) = 0. If Ox e Cq{J^), then is not Ox-amenable. 

Proof. Assume to the contrary that is 0^-amenable and mc^ is a 0^-mean on £°°(J^). Due 
to ^ 

r„eo(m) = £ eo(t)i?(n,m)(t) -;?(n,m)(0)efl(m) = — -efl(in), 

we have T^eQ = jj^£n for every n G J^. Therefore, 

Wo, {£&) = h{n)ma^{Tn£o) = h{n)a^{n)ma^{£o). (7) 
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Let M > be a bound for ma^ and (^n = \p^^)\ ^'^^ ^n(x) ^ 0. Then by the Unearity of ma^ and 
(7) we have 

M>\ma,{ £ ^nen)| = | £ ^nma,(en)| = | £ |Pn(x) |/i(n)ma,(eo) | 

> £ |P„(x)|2/,(n)|ma,(£o)|, 



where ^ is an arbitrary finite subset of If (Cq) 7^ 0, then the provious inequaUties show 
that ttx e n£^(^), hence ;r(ax) > (see [4, Proposition 2.5.1]) which is a constradic- 

tion. If we now define {o^}mejr by 

<(n):=|° n,<m, (1</<J), 

1 ciJx(n) other, 

then ax(n) = (Pn(x))nejr can be written as follows 

ax= £ etA(x) + af. 

0<<,<m, 

Hence, 

'Wax(ax)= £ ma,(et)A(x)+ma,«) 
0<f,<m, 

which implies that 

|ma,(ax)| = K,«)|<M|K||. 

The latter shows that if 0^ e Co(c^), then 0^ e Co(=;^) for all m^X, hence ma^(ax) = 
which is a contradiction . 

□ 

Remark 2.1.1. 

1. Observe that in the preceding theorem neither of the assumptions ;r({o^}) = nor 0^ e 
Co(=^) can be omitted. For example, a hypergroup of compact type is a-amenable in 
every character a while 1 is the only character in K with the vanishing Plancherel measure 
[8, 15]; see also Example (VI). 

2. Theorem 2.1 is known for m = J = 1 in [7]. 



We continue the section by examining the a-amenability of various polynomial hypergroups. 
Let us first start with polynomial hypergroups in two variables which have been extensively 
studied by T. H. Koornwinder in [12]. 
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(I) Koorn winder Class V hypergroups: In this case := {{n,k) e Nq : n > fc} and the 
characters are given by 

Pr,{x,y) P;if''^{x,y) := P!^"f{x)P^'''^\y), n = {n,k), 

where Pi"'^^ denote the Jacobi polynomials, (a,j8), (7,77) e V, Pn '^'^'^(1, 1) = 1, and 

y :={(a,j8) eR2:a>j8 > -l,(a + j8 + l)(a + j8+4)2(a + j8+6) 
> (a-/3)2.(a2_2a/3+/32-5a-5/3-30)}. 

The support of the Plancherel measure d7:{x,y) = {l-x)''{l+x)P{l-yy{l+y)'^dxdy 
is 

D:={{x,y)\-l <x< 1,-1 <y< 1}. 
Since \Pii'^''^\y)\ = ^{n''^-^) as n ^ 00 [9], we have 

\P;^/^\x,y)\^\pi''^\y)\^0 (n^oo) 

when {x,y) e [-1, 1] x (-1, 1) and a, J] > -\. So, from Theorem 2.1 it follows that J(f 
is not a(;(. y) -amenable. 

For {x,y) e {(-1, 1), (1, -1)(-1, -1)}, if a > j8 and 7> T], a = j8 and 7> T], or a > j8 
and 7 = T] since 

pW)(-i) = (-ir('«+M/('«-^«Y 

we have \P^^^^'^ (^jJ) I — > as n ^ 0°, hence =^ is not a(_^y) -amenable. 

The hypergroup is, in fact, the product of two Jacobi polynomial hypergroups with 
parameters (a,j8) and (7,17) on No [24]. Theorem 2.1 combined with [23] implies 
that £\No) is amenable if and only ifa = j8 = 7= T] = -i Thus, since e\j^) = 
£^{No) ®p£^{No), the algebra £^{Jt) is amenable and its maximal ideals have b.a.i.; see 
[5, 11]. Consequently, Theorem 1.2 results in the a^^^ y) -amenability of for {x,y) e D 
andx,y = ±1. 

Remark 2.1.2. 

(i) Let {x,yo) G [—1, 1] x [—1, 1] be as above fixed. For 7 > 5 one can show that the 
usual derivation of the Fourier transform gives a rise to a nonzero bounded oc(^x,yo)' 
derivation on So, it follows from Remark 2.1.1 that J(f is not a(x,yo)' 

amenable and {oC{x,yo)} ^ spectral set. 
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(ii) Similar to the previous case, one can show that hypergroups of Koomwinder class 
III, VI, and some related hypergroups in two variables which are mentioned in [4, 
3.1.16-20] are not ttx-amenable if ttx 7^ 1- 



(II) Disc Polynomial Hypergroups: For a' > the disc polynomials 



P"' (z z) 



p{a',m n)^22f-l)2'«-«, for m > R, 



induce a hypergroup structure on •= ^^o- "^^^ support of the Plancherel measure with 
the density (zuzi) - is ^ := {(21,22) e : Z2 = Zi, \zi\ < 1}. From 

Theorem 2. 1 and 

=^i"'°^(2zf- 1) =Pi"'°^(2|zp- 1) 

as n 00, we infer that is a^-amenable if and only if = 1. Observe that := 
{{n,n) : n e Nq} is a supernormal subhypergroup of which is isomorphic to the Ja- 
cobi hypergroup with the character set {Pn'n{x)}neNo- ^^^^ ^^^^ we see also that is 
a;c-amenable if and only if ax = I despite the fact that for every x E ( — 1,1) the singleton 
{cCx} is a spectral for if a' < ^; see [23]. In other words, if a' < ^ then every bounded 
OCjc-derivation on £^{J^f) is zero, however is only 1-amenable. 



In the rest of the section we deal with the polynomial hypergroups in one variable, i.e. the 
system {/n}nejr consists of polynomials of one variable and the index set is Nq. The 
linearization formula in (6) can be expressed in the three term recursion formula 

Pi {x)Pn{x) = UnPn+l {x) + bnPn{x) + C„P„_i (^), (9) 

for n e N and Po{x) = 1, and we take P„(l) = 1, Pi{x) = ^{x-bo) with a„ > 0, e M, and 
Cn+i > for all heNq. The existence of the orthogonality measure is due to Favard's theorem 
[9] and applying it to the relation (9) results in a„ + + c„ = 1 and ao + ^0 = 1- The identity 
map defines an involution to these hypergroups and their Haar weights are given by h{0) = I 
and h{n) = (^J^P^{x)d7t{x)) ^ (n > 1) [4, Theorem. 1.3.26]. We consider the a-amenability of 
following polynomial hypergroups. 

(Ill) Associated Legendre hypergroups: For v G Rq, let % := Jr^^^^v^^ (l + LLi ^r^) ' := 
bn'.= 0, and c„ := 1 — a„ if n > 1 and 7o = 1- The polynomial P„ associated to the 
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sequences («„)„>i, (^n)n>i, (cn)n>i in the recursion formula (9) is the n-th associated 
Legendre polynomial with parameter v. The Haar weights of the induced hypergroup 

on No are given by h{0) = 1 and h{n) = ^^^^ (l +E^^i (i^V)^' " " ^' ''''^ 
support of the Plancherel measure can be identified with [—1,1]; see [4]. If j: e (—1,1), 
K{{ax}) = and e Co(No), so it follows from Theorem 2.1 that No is ttjc-amenable if 
and only if ttj^ = 1. 

(IV) PoUaczek polynomials hypergroup: The PoUaczek polynomials {Pn^'^^}neNo depend- 
ing on the parameters T]>0, jU>Oor— 5<T]<0 and < jU < T] + j induce a hypergroup 
structure on No [13]. The Haar weights are given by h{0) = 1 and 

, , , (2n + 277 +2Ai + l)(2r7 + l)„ /^^ n ^ {2^f 
n[n) — 




(277 +2v + l)n! 1,^^,1 k i {2r] + l)k 



and the Plancherel measure with the support y = [—1,1] is given by dTt{x) = A(x)dx 
where A(cos?) = {smt)^^\r{ri + ^ + i[icot{t))\^exp{{2t - 7t)iicot{t)), 0<t <7t. Given 
X e (—1, 1), since 7t{{ax}) = and Ux e Co(No), by Theorem 2.1 we see that Nq is ttx- 
amenable if and only if a^c = 1. 

(V) Generalized Soradi hypergroups: These are polynomial hypergroups of type [V] on No 
[4] with the characters 

sin(n + 1)0 — ^sinn0 
COS0 = ; \ . n>l , 

and the density of the Plancherel measure on the dual space Nq = [— 1, 1] is given by 
p{x):= ^(i^~/J2fa) > 1 ) • For X G [- 1 , 1 ) , since ;r ({ a J )= and oc^ e Co (Nq) , Theorem 
2.1 implies that No is a;c-amenable if and only if oc^ = 1. 

(VI) Hypergroups associated with infinite distance-transitive graphs: They are polynomial 
hypergroups on Nq depending on a, & e R with a,b >2; and, one can associate them 
with infinite distance-transitive graphs if a, Z? are integers. These hypergroups have been 
thoroughly studied by M. Voit [20]. For b > a>2 (see below) they provide a rare and 
interesting case of a-amenability of hypergroups. Their Haar weights and characters are 
given by 

^M)(0) := 1, h^'''^\n) = a{a-iy-\b-l)" (n > 1), 

and 

P^*^(X) = ^ [Unix) + ^ T72^n-l{x) ^[/„-2(x) 
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respectively, where t/„(cosr) = ^^"g",^ are the Tchebychev polynomials of the second 

kind and m_i = m_2 := 0. The dual space Nq"'^^ can be identified with [— where 
si := Q^-fl-fe+i _ xhe normalized orthogonality measure 7U e M^(R) is 

d'K{x) = A{x)dx\]^_i^ for a>b> 2, 

and 

b — a 

d7t{x) = A[x)dx\ \_i 1] H — dsQ for & > a > 2 

withA(x) := (1-^)'^' 5 = 2-a-b ^ ^ ^ 

pi«'*)(5i) = l and Pi'''*^(5o) = (l-&)~" forn>0. 
Proposition 2.1. Let Nq*'^^ denote the above hypergroup. Then 

(i) for a > Z? > 2, Np'^'^'^is ttjc-amenable if and only if x = si. 

(ii) for Z? > fl > 2, Nq^'^-'Is Ctjc-amenable if and only if x — si or x = sq. 

Proof, (i) If jc e (— then n{{ax}) = and G Co(Nq"'^''). So, applying Theorem 
2.1 yields that Nq"'^^ is Ux- amenable if and only if x = sq, as a,,, = 1. 
(ii) As in part (i), we can show that if x 7^ sq, then Nq"'^^ is oCx- amenable if and only if 
X = si . In the case of x = sq, obviously a^,, e £^ (Nq*'*^ ) (see also [20, Remark 1.1]) which 
implies, by Remark 1.2.1 (ii), that Nq"'^^ is -amenable. □ 

Remark 2.1.3. Notice that in the previous example K contains two positive characters 
and ay, with diverse behaviours. Indeed, Part (i) shows that Nq'*'*'' is -amenable but 
not ajg-amenable if a > b > 2, whereas Part (ii) shows that Nq"'''^ is a^^ and avy-amenable 
for b > a>2. In latter case, the functional , given in Remark 1.2.1 (ii), is a unique 

ai-Q-mean on £°°(N^q'^^) while the cardinality of oc^j -means on £°°(No''^'*) is infinity; see 
[3, 15]. 
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